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Abstract 
Surface effects often play a significant role in the physical properties of micro- and nanosized materials and structures. 
In the literature the mathematical framework of surface/interface stresses are generally described by generalized 
Young-Laplace equations based on the membrane theory. Here we present a simple model based on the Kirchhoff-
Love assumption and balances of force and moments to simulate higher-order interface stresses along the interface 
between two neighboring media in two dimensions. This framework allows us to incorporate the in-plane stress as 
well as the bending stiffness resulting from the non-uniform surface stress across the layer thickness. To illustrate 
surface stress effects, we consider the critical force of axial buckling of a nanowire by accounting various degrees of 
surface stresses. This study might be helpful to characterize the mechanical properties of nanowires in a wide range 
of applications. 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
Surface/interface stresses in solids can be defined through the change in excess free energy when the 
interface is deformed at constant referential area. The mathematical framework of interfaces with interface 
stress effects was established by Gurtin and Murdoch [1] based on the linear membrane theory. This 
governing equation was referred to as generalized Young-Laplace (Y-L) equations in distinction with its 
counterpart in fluid. The effect of surface stress has received substantial attention in materials physics 
community. In the last decade numerous studies have focused on the subjects of thin film stress evolution 
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during deposition [2] and also on the size-dependent behavior of nanocomposites [3-6]. This size-
dependent property can be attributed to surface effects due to large ratio of surface area to volume in 
nano-sized structure elements [7]. The strain energy in these structures can be dramatically influenced by 
surface effects, and subsequently alters their local behavior and macroscopic properties. 
In this work we are concerned with the mechanical properties of nanowires (NW). Nanowires have a 
wide application in various electromechanical devices, such as sensors, actuators, probes and resonators. 
An accurate estimate of the mechanical property of nanowires is a critical issue. Experimental results and 
theoretical simulations demonstrated that the material properties are size-dependent when the NW is in the 
length scale of nanometers. In the literature the classical Euler buckling theory has been used to determine 
the elastic modulus of nanowire by measuring its critical load of axial buckling [8]. However, this 
estimate did not account for the surface stress effect. Recently, He and Lilley [9] and Wang and Feng [10] 
further incorporated the influence of surface effects on the buckling of nanosized elements and 
demonstrated that surface stress can have a significant role in the buckling load of NW. Chen and Chiu 
[11] recently examined the higher-order interface stresses effects and derived a mathematical framework 
which characterizes the behavior along the interface between two neighboring media in two dimensions. 
This framework allows us to incorporate not only the in-plane stress, but also the bending moment 
resulting from the non-uniform surface stress across the layer thickness. Since the buckling behavior of 
Euler beams or columns is strongly influenced by the bending effects of the structure element, we will, in 
this work, explore the influence of higher-order surface stresses in the estimate of critical force of axial 
buckling of nanowires. This study could be helpful to characterize the mechanical properties of nanowires 
in a wide range of applications. 
2. A higher-order interface stress model 
Surface stress can have different definitions. See Cammarata [12] for a review. A commonly adopted 
model is the one associated with coherent interface in which the tangential strains are equal on both sides 
of the phases [1]. This means that the deformation is compatible during deformation, and thus no atomic 
bonds are broken in the interface plane. Interface stresses can be described as symmetric tensors in the 
tangent plane (strain normal to the surface are excluded). The surface stress tensor sDEV  is related to the 
deformation dependent surface energy by 
0 ,s sGDE DE DEV W G H  w w (2.1)
where 0W  is the residual surface tension when the bulk is under unstrained and sDEH  is the 2 2u  strain 
tensor for surface. To model one-dimensional behavior of the column buckling, we will now concentrate 
on the one-dimensional linear form of (2.1), written as 
0 ,s ssEV W H  (2.2)
where sE  is the surface Young’s modulus. Surface elasticity can be modeled by a very thin isotropic layer 
between the two neighboring regions. Let cE  denote the Young’s modulus of the interphase layer and t
its thickness. It can be shown that s cE E t  by letting t  to be vanishingly small. Gurtin and Murdoch [1] 
derived a mathematical framework for an interface with surface stress under the assumption that the thin 
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interphase can only sustain in-plane stress. Under this membrane theory, they constructed the generalized 
Young-Laplace equation to simulate the behavior of interface with surface stress. In one-dimensional 
model, the Y-L equation reads 
[ ] ( ) .s RJJ DV V **   (2.3)
Here R  is the radius of curvature of the interface * . We mention that D  and J , respectively, denotes the 
tangential and normal directions of * . In a recent study, Chen and Chiu [11] considered a more general 
situation that the thin layer, in addition to in-plane stress, can also sustain bending moments. A schematic 
illustration of the two models is depicted in Fig. 1. Specifically, they showed that the interfacial jump 
condition for Fig.1b becomes 
 2 2[ ] .s sR m sJJ D DV V **    w w (2.4)
Here s  is the arc length along * . This higher-order surface stress model coincides with a type of 
imperfect model ( 2N  ) derived by Benveniste and Miloh [13] based on a rigorous asymptotic analysis. 
Note that the moment smD  is attributed to the non-uniform stress distribution across the thickness of the 
layer. If the thickness of the layer is taken to be infinitesimally thin, the stress distribution across the 
thickness is nearly uniform and thus the term associated with smD  in (2.4) can be neglected. In this 
situation, Eq.(2.4) will reduce to (2.3). In derivation of (2.4), the stress equilibrium conditions is fulfilled 
by consideration of balance for forces as well as stress couples by integrating the stress distribution across 
the thickness to obtain equivalent stress resultants and stress couples as 
2 2
2 2, ,
s s
t t
t td m dD DDD DDV J J JV V   ³ ³ (2.5)
and the deformation of the thin interphase is approximated by the Kirchhoff-Love assumption of thin shell, 
where [11] 
0 0, ,s ss sE m DD D D DV H N   (2.6)
            
Fig. 1. (a) generalized Young-Laplace model in 2D;                                     (b) Higher-order surface stress model in 2D.  
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and 0DH  and 0DN  are respectively the tangential strain and principal curvature along the mid-plane of the 
layer. In addition one has [11] 
3, 12,s c s cE E t D E t  (2.7)
3. Buckling of nanowires 
To examine the buckling behavior of NW, two different cross-sectional shapes of NW are considered: 
rectangular and circular cross-sections. He and Lilley [9], using the composite beam theory, showed that 
the effect of surface elasticity on the bending of a beam can be represented by an equivalent flexural 
rigidity *( )EI , given by 
* 3 2 31 1 1( ) ,12 2 6s sEI Ewh E wh E h  
    (rectangular section)  
* 4 31 1( ) .64 8 sEI Ed E dS S 
                    (circular section) (3.1)
See Fig.2 for an illustration of the cross-sections of NW. In (2.4), the curvature of a bending beam can be 
approximated by 2 2v xw w , in which v  is the NW transverse displacement. Now by letting ds dx|  and 
also approximating 1R vcc  in (2.4), we have ( )[ ] ivs sv D vJJ DV V* cc  . For bending NWs in the y
direction (Fig.2), the jump condition in Eq. (2.4) will give distributed transverse load q ( x ) along the NW 
longitudinal direction 
 ( )*( ) .ivEI v P v q xcc  (3.2)
where P is the compressive force acting in the x  direction (Fig.2). Now taking the cross-sectional shape 
into account, it can be shown 
  ( ) ,ivq x Hv K vcc  (3.3)
Fig. 2. (a) A rectangular cross-section with a surface layer; (b) A circular cross-section with a surface layer 
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where  
2 , 2 ,s sH w K D wDV      (rectangular section) 
2 , 2 ,s sH d K D dDV            (circular section) (3.4)
Thus the governing equation for the buckling of the NW considering the surface stress effects of higher-
order can be deduced as 
( )*
0[ ( ) ] ( ) 0.ivEI K v P H vcc    (3.5)
where 0 02H wW  for a rectangular cross-section and 0 02H dW  for a circular one. Note that when 
letting 0K  , we reduce to the case for conventional surface stresses  [10]. If both 0K   and 0H  , then 
we recover the governing equation for the classical theory of Euler beam [13]. Following a procedure of 
in the classical theory of elasticity, the critical load crP  of axial buckling of a nanowire with fixed-free end 
condition can be solved as 
 200 2 2 36 2 24961 ,s s scr cr E E DlP P Eh Ew Eh h EhWS     (3.6)
for a rectangular section, and 
 200 2 2 36 2 24961 ,s s scr cr E E DlP P Eh Ew Eh h EhWS     (3.7)
for a circular section. Here 0crP  is the classical critical buckling load without surface effects. 
In numerical illustrations, we consider a silver nanowire with 76E   GPa and the surface properties 
are 0 0.89W  N m  and 1.22sE  N m [10]. Figure 3 shows the critical compressive force of buckling 
with respect to the nanowire diameter d , for various values of sD . It is seen that when the value of sD  is 
in the range of 210 u( 1810 N m  ) to 510 u( 1810 N m  ), it has a significant effect on the value of crP . We 
find that these values of sD  are in consistency with those used to illustrate the size-dependent effective 
transverse shear modulus of a medium containing circular cavities of the same size [11]. 
4. Concluding remarks 
In summary, we have studied the behavior of higher-order surface stress on the effects of buckling load 
of nanowires. It turns out that, although the interfacial jump conditions differ from that of generalized Y-L 
equation, one can incorporate the higher-order surface stress effect into the mathematical framework for 
buckling of Euler beam. Our results show that the degrees of surface stress orders are characterized by 
two material parameters: sE and sD . We have also verified that our results reduce to the conventional 
surface stress model based on linear membrane theory and to the classical solutions of ideal situations 
without surface effects exactly. Some numerical results are illustrated, showing that in certain situations 
the higher-order effect could be significant on the buckling behavior of NWs. The present study is helpful 
in the estimate of mechanical property of nanowires by the buckling method. 
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classical solution
without surface effect
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Fig. 3.  Theoretical compressive force of buckling with respect to the varying diameter d of a circular nanowire. 
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